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Energy-Aware Job-Shop Scheduling

The Job-Shop Scheduling Problem:
® Schedule jobs with ordered operations on machines to optimize some criterion.
® Relevant problem in OR, strongly NP-hard [1].
® Modeling Approaches:

» Time-Indexed formulations = strong dual bounds, large MILPs.
» Disjunctive formulations = more compact MILPs, weak relaxations.
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Energy-Aware Job-Shop Scheduling

Energy consideration:

® Production is energy-intensive,
electrification of processes (etc.)

o

® ToU pricing: SUMMER (une-October]
» Non-regular criterion. “
» Period-Indexed formulation. “

® Peak power limit:

Figure: Seasonal Time-of-Use pricing example [2]
» Energy: cumulative resource.

» Machines: unitary resources.
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Problem Definition

Machines m € M with power consumption ¢,.

Jobs j € J to execute over a time horizon C:

» Processed over an ordered subset of machines.
» Having constant processing times q; » = energy consumption @, - qj, m.
» Direct precedence constraints.

e QOperations 0 € O := J x M, i.e. processing of a job on a machine.

ToU Periods p € P:

» Duration /P and electricity price ¢, per unit.
> [tP, tP*Y], with tPT! —tP = [, t* =0 and /Pl = C.

Peak Power Limit © to respect at all times.

4/40



Problem Definition

A feasible solution consists of a schedule where each job j € J processes over machines
m € M, during one or more ToU periods in P, such that:

® same-machine operations do not process simultaneously (non-overlap),
® operations may not interrupt processing (non-preemption),

® operation sequencing respects a predefined order (precedence).

e the total power usage of all machines never exceeds the limit (capacity).

Objective
The goal is to find a feasible solution minimizing the Total Energy Cost (TEC).
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Instance and Solution

Machine m | 1 ‘ 2 ‘ 3 Job j 1 2 3
Power o, | 5 [ 6 | 8 Sequence M; | {1,3,2} | {2,1,3} | {2,3,1}
Machine m 1 ‘ 2 ‘ 3 ToU period p | on-peak | off-peak

q1,m 20 | 10 | 30 Tariff cP 0.159 0.13

q92,m 5 | 15 | 10 Duration /P 20 10

q3,m 10 | 15 | 20

Makespan minimization s.t. ¢ = 13 (TEC = 204.7)
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Instance and Solution

Machine m | 1 ‘ 2 ‘ 3 Job j 1 2 3
Power o, | 5 [ 6 | 8 Sequence M; | {1,3,2} | {2,1,3} | {2,3,1}
Machine m 1 ‘ 2 ‘ 3 ToU period p | on-peak | off-peak

q1,m 20 | 10 | 30 Tariff cP 0.159 0.13

q92,m 5 | 15 | 10 Duration /P 20 10

q3,m 10 | 15 | 20

Energy Cost minimization s.t. » = 13 and Cy.x (TEC = 197.1)
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Short literature review

Problem class Article Problem* Solution
Approach
besh [4] Jm||TEC MILP (PI)
J"’1 ds l‘.’" 5] Jm|on/off, r;, dj| TEC MILP (TI), B&B
scheduling [6] Im|Puae| TEC MILP (D, T1), MH
flexible job-shop [7] FJm| on/off | Crax, TEC MILP (TI), CP
scheduling [8] FJIm||Crax, TEC MILP (TI), H
flow-shop scheduling [9] F2|prmu,on/off [TEC ~ MILP (PI4+TI), LBBD
el machi [10] Pr|| Conar, TEC MILP (T1), H
"a'alfd’"ffc ine [11] Rm||TEC MILP (PI), H
scheduling [12] Rm||TEC MILP (PI), B&P
single machine [13] 1|batch| TEC MILP (P1,TI), CG-H
scheduling [14] 1|batch| TEC MILP (PI)
[15] PS|prec| Crax, TEC MH
RCPSP [16] PS|prec| TE MILP (EB)

Table: An overview of related works.

*Graham's 3-field notation [3]
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Main contributions

In this work, we introduce:
® a Branch-and-Cut algorithm for the Jm|P .« TEC based on

» a period-indexed MILP formulation
» feasibility cuts generated from knapsack minimal covers
» a polynomial-time separation algorithm at integer infeasible nodes

® an extension of feasibility cuts

» from knapsack extended covers
» from any valid inequality of the capacity constraint polytope

® valid inequalities to improve the linear relaxation and the B&B tree exploration
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Outline

2. Branch-and-Cut approach
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Outline

2. Branch-and-Cut approach

2.1 Period-Indexed formulation
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Variables

Processing status

P {1, if operation (j, m) is processed during period p VieJ.meMpeP

0, otherwise

Processing duration

d’, € R*: time spent processing operation (j, m) on period p. Vie J,me M,peP
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Variables

Processing status

P {1, if operation (j, m) is processed during period p VieJ.meMpeP

0, otherwise

Processing duration

d’, € R*: time spent processing operation (j, m) on period p. Vie J,me M,peP

Starting/completion date

sj,m, C,m € RY: starting and completion dates of operation (j, m) Vie J,me M

Machine disjunction

, processing of operation (j, m) ends before start of (j/, m’)

.m o . - ’
Jhm {0, otherwise Vi<j€J,mm eM
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Objective function

Schedule total cost

The total operational cost of a schedule is minimized:

min 3" S o, g

pEP  meM jeg

» pm: power of machine m,

» cP: cost of period p.
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Core constraints

Total operation processing

> dl=qim Y(,m)€O. (2)

peEP

qj,m: duration of (j, m)
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Core constraints

Total operation processing

> dl=qim Y(,m)€O.

peEP

qj,m: duration of (j, m)

Machine disjunction
(def.) Cim — S’ m’ < O[j},,:l(]- - UI o )a V(_/, m)’ (.j/7 m/) €0 J 7511 (33)

J,m

w4 up =1, Yme MVj,j'e T:j<j (3b)

| A\

Q;j jr m: constant

.
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Core constraints

Total operation processing

Z d’ = qjm Y(j,m) € 0.

peEP

qj,m: duration of (j, m)

Machine disjunction

(def.) Cim — Sj'\m’ g O[j},,:l(]- - UI’,:, )a V(_/, m)’ (.j/7 m/) €0 J 7511 (33)

J>

up =1, VmeM\Vj,jed j</ (3b)

| A\

Q;j jr m: constant

.

Precedence

Cim < Sjry V€T, Vmym' € M:(j,m) < (j,m'). (4)
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Variable linking

Variable linking: x and d

df, <min{lP,d} . qjm} - xPo, V(j,m) € O,¥peP. (5)

IP: length of period p

12/40



Variable linking

Variable linking: x and d

df < min{lp,aﬁm, G} X s VY(,m) € O,Vp € P.

IP: length of period p

Variable linking: x, d and s

| .

df <P — s+ f (L= ), V(j,m) € O,Yp € P,

P . 4P P
Gim S Gom = X

These constraints guarantee non-preemption.

[tP, tPT1]: period p
Y} m: constant

v
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Variable linking: numerical example
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Variable linking: numerical example

® Forp=1,(6a) = x! =0=d' =0,
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Variable linking: numerical example

® Forp=1,(6a) = x! =0=d' =0,
® Forp=2, (6a) = d?><1+10-(1—x3),

d? <1410 (1—x?)

~
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Variable linking: numerical example

® Forp=1,(6a) = x' =0=d' =0,
® Forp=2, (6a) = d?><1+10-(1—x3),
®*Forp=3(5)=d*<2-x

d?<14+10-(1—-x3) d3<2-x3

~
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Variable linking: numerical example

® Forp=1,(6a) = x! =0=d! =0,
® Forp=2, (6a) = d?<1+10-(1—x3),
®* Forp=3(5=d¥*<2-x°
® For p =4, (6b) = d* < 6 —5x*,
d><1+410-(1-x2) d3<2.-x3 d*<6—5x4
dt=0
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Variable linking: numerical example

® Forp=1,(6a) =x'=0=d' =0,
® Forp=2, (6a) = d?><1+10-(1—x3),
®* Forp=3(5)=>d*<2-x3
® For p =4, (6b) = d* < 6 —5x*,
® Forp=>5, (6b) = x>=0=d®>=0,
. (2) =2 pepd®=q
d><1+410-(1-x2) d3<2.-x3 d*<6—5x4
dl 0 d®>=0

A+ P+ +d+d =4
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Variable linking: numerical example

® Forp=1,(6a) =x'=0=d' =0,
® Forp=2, (6a) = d?><1+10-(1—x3),
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® Forp=>5, (6b) = x>=0=d®>=0,
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~
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Variable linking: numerical example
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® Forp=2, (6a) = d?><1+10-(1—x3),
®* Forp=3(5)=d*<2-x°
® For p =4, (6b) = d* < 6 —5x*,
® Forp=>5, (6b) = x>=0=d®>=0,
. (2) =2 pepd®=q
dt=0 d®>=0

13/40



Capacity constraint

o M ;" denotes overlap of (j, m) and (j/, m').

J,m J>m g
e G =(V,&) weighted graph induced by z

» V: operations (j, m) with weights ¢,
» &: operations overlap status

¢ Overlapping operations form a clique K in G, of weight o[K] = >  ¢m.
meK

® Total power demand pror > P <= Clique weight ¢[K] > . (IK C G)
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Capacity constraint

. sz.':’,;“/ =1 uj,’,;"/ - uJ’..,’"r"n, denotes overlap of (j, m) and (j/, m').
e G =(V,&) weighted graph induced by z

» V: operations (j, m) with weights ¢,

» &: operations overlap status

¢ Overlapping operations form a clique K in G, of weight o[K] = >  ¢m.
meK

® Total power demand ¢t > P <= Clique weight ¢[K] > %. (IK C G)

Forbid violating cliques:

Y Z<IEK) -1, VKCG:¢[K]>p (7)
ecE(K)
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Capacity constraint

e Better: forbid minimally violating cliques.
e Capacity constraint Knapsack set KP¥% .= {x € {0,1}": .7, ¢;x; < 7}

e CC{1,---,n}is a minimal cover of KP#? if

> E:/ec‘Pi >, '
> Yieayp i<y, Vel

— If K¢ induced by minimal cover C € C, then any H C K¢ satisfies ¢[H] < .
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Capacity constraint

e Better: forbid minimally violating cliques.
e Capacity constraint Knapsack set KP¥% .= {x € {0,1}": .7, ¢;x; < 7}

e CC{L,---,n} is a minimal cover of KP¥¥ if

> E:iec‘Pi >, '
> Yieayp i<y, Vel

— If K¢ induced by minimal cover C € C, then any H C K¢ satisfies p[H] < .

Forbid minimally violating cliques:

> Zf<|E(KS)| -1, YCECVKcCG (8)
ecE(Kc)
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Capacity constraint: numerical example

® 5 overlapping operations (a,b,c,d.e) s.t. ¢ =[1,3,3,4,5] and p = 15.

» {a,b,c,d, e} is a minimal cover,
a

b e b e
c d c d
ar— ar—
b b
C— C—
d— S
e e
B e e TP > R e e R R R PR PR >

» (1) = Leer(n) 2° < |E(K)[ =1

:>zf—i—zac+z§’+z§+zg+zg+z§+zg+zce—|—z§<9
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Capacity constraint

Exponentially many constraints

For each minimal cover, forbid all assignments of jobs to machines in cover, i.e. permutations

» Exponentially growing number of constraints - . %
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Capacity constraint

Exponentially many constraints

For each minimal cover, forbid all assignments of jobs to machines in cover, i.e. permutations

» Exponentially growing number of constraints - . Wlllcl)' — dynamic separation
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Outline

2. Branch-and-Cut approach

2.2 Capacity constraint separation
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Capacity constraint: separation

e At integer infeasible nodes
e Sufficient condition: no violated inequalities from minimal covers

® Scan the schedule at event middle-points
» Event: start or completion of an operation
» Power demand is constant between consecutive events, (e.g.) at middle
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2. Branch-and-Cut approach

2.3 Extension to any valid inequality of the peak power polytope
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Knapsack extended covers

® For a minimal cover C, an extended cover is
E(C)i= CULje M| ;> i, ¥i € C}
o If {je M| ;> yjVie C} non-empty = extended cover inequality
Y ox<IC-1
JEE(C)

dominates minimal cover inequality.

® n:=|E(C)|,r =|C|—1: pick at most r among the n items.
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Clique-forbidding cuts from any cover

e Let n:=|E(C)|,r:=|C|—1:withnrecN“andn>r. }
» In scheduling terms: among n machines, at most r can execute simultaneously.

» In graph theory terms: among n-vertex graphs, allow at most K., i.e. forbid K,,1.

® |dea: extremal graphs
» r-extremal graph: maximizes the number of edges among K, 1-free graphs.

» ex(n, K;): edge count of the r-extremal n-vertex graph — valid UB

Z z€ (n,K,), VK, CG: K, i1-free (10)
ecE(Kn)

» ex(n, K;) is bounded (from above) by (1 — %)”—22 [17].

th = r+1 for minimal covers
20/ 40



Clique-forbidding cuts from any cover

® The overlap graph G, induced by z, is an interval graph

» G = (V,€)is an interval graph if each v € V can be assigned an interval on the real
line, s.t. two intervals intersect iff the corresponding vertices are adjacent.

® |n that case, we obtain a tighter UB:

Extremal interval graphs

The edge count in an n-vertex r-extremal interval graph is

ex(n, K,) = (”;1> _ (”‘2* 1). (11)

Proof idea: rearrange intervals in  of right end-point and reason on complement graph.

* Given in Abbott and Katchalski [18] (1979) as ex(n, K.) = (5) + (n — r)(r — 1).
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f
eEE(Kn)

a
® Two cases

» ae{0,1}"
ar as

» a¢ {0,1}"
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f
eEE(Kn)

® Two cases

» a€{0,1}" = > z° < ex(n, Kpi1)
ec& 3 3

» a¢ {0,1}" =7
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f
eEE(Kn)

® |ldea:n=1+...+1
—_—

n times
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f

eEE(Kn)

2

°
®ldea: n=1+...+1
—_———

n times
i) Duplicate each vertex as many times as its weight 3e 3
° )
1 2
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f

eEE(Kn)

[ ]

°
®ldea:n=1+4...4+1
———

n times
[
i) Duplicate vertices = >, a; vertices o’
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.
— Find a corresponding inequality > «afz¢<f
eEE(Kn)

® |ldea:n=1+...+1
—_—

n times

) Duplicate vertices = > a; vertices ° °

ii) Take the (unweighted) complete graph on the resulting
set of vertices
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.
— Find a corresponding inequality > «afz¢<f
eEE(Kn)

® |ldea:n=1+...+1
—_—

n times

) Duplicate vertices = > a; vertices

i) Complete graph = (Zé'a") edges
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.
— Find a corresponding inequality > «afz¢<f
eEE(Kn)

® |ldea:n=1+...+1
—_—

n times

) Duplicate vertices = > a; vertices
i) Complete graph = (Zé'a") edges

iii) Forbid Kpy1: apply previous result on extended covers
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.
— Find a corresponding inequality > «afz¢<f
eEE(Kn)

® |ldea:n=1+...+1
—_—

n times

) Duplicate vertices = > a; vertices
i) Complete graph = (Zé'a") edges

iii) Forbid Kpi1 = = ex((2}7), Kps1)

iv) Merge redundant edges in inequality
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f

eEE(Kn)
o
®ldea: n=1+...+1 E
———
n times /
/
i) Duplicate vertices = >, a; vertices I}\ L
\ ~ /
i) Complete graph = (Zé'a") edges N \\,/
\ ~
. a8 \ / N
i) Forbid Kpy1 = 8 = ex((*4"), Kps1) v e
\ ! s
iv) Merge redundant = a® = a,a, for any e = (u, v) R /I///
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f

eEE(Kn)
4
® |dea: n=1+4+...+1 AN
—_— P N
n times 7 / \ AN
e ! \ NN
i) Duplicate vertices = >, a; vertices Ix\, e ,/xI
\ \\ / \ // /
. . a; \ ~ / \ - 4
i) Complete graph = (Zéa’) edges 3 ~ e g
. \ /AN PR /
iii) Forbid Kpi1 = = ex((2}7), Kps1) Lo sl
. v 7 Sooo
iv) Merge redundant = a® = a,a, for any e = (u, v) Vs N

v) Account for edges between vertex and its duplicates
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f

eEE(Kn)
®ldea: n=1+...+1 /////\\\\\
. /// / \ \\\
n times - / \ ~
e / \ NN
i) Duplicate vertices = >, a; vertices € -
\ ~ / \ s
.. ey [NENN L
i) Complete graph = (Zéa’) edges 3 \\I,/ i\\// g
. \ /AN PR /
iii) Forbid Kpi1 = = ex((2}7), Kps1) Lo sl
v 7 Sooo
iv) Merge redundant = a® = a,a, for any e = (u, v) Vs N
o] ¥

v) Count dups = 3 = eX((Ez"a")-, Kb+1) - Zaugz (azu)
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Clique-forbidding cuts from any valid inequality

e Consider aTx < b valid for conv{KP?%}. a € R} b€ RT.

— Find a corresponding inequality > «afz¢<f
eEE(Kn)
a

a® =aya,, fore=/(u,v)

B = ex((zéai)7 Kb+1) — Y uevians2 (3)

e Unified formula.

A > afz® < f = a™x < b does not always hold.
ecE(Kn) as ag
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Clique-forbidding cuts from any valid inequality:

example

® Given KP?® where [¢] = [1,3,3,4,5] and = 10.
» Minimal cover: {1,2,3,4} = > z¢ < 3.

e€E(K(1,2,3,4})

» Extended cover: {1,2,3,4,5} = > z¢ < 7.
e€E(K(1,2,3,4,5})

» Lifted cover: a=10,1,1,1,2] and b=3 = 3 aya,z(4v) < 6

(”7V)€E(K{2,3,4,5})
A 1fx=[0,0,1,1,1], then a™x =4 > b =3,

but > a®z® =5 <6.
eEE(K{z,a,A,s})
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A period-indexed MILP formulation

min

P p
DI D
ZpEP meMSDm jeg M

[S.t.] Z pEP dj m = qj,m;

d?, < min{/?, qujm} X,
Gm = < ma—),
u’ g u/'" =

Gom S Sj,m

<
& < =it Al (LX),
< X
J5Hm
z° < [E(Ko)l - 1,
P
x € {0, 1} >0,

W € (0,1}, 5.m > 0,

’jm/

v(j,m) e O

v(j,m) € O,Vp € P,

V@, m),(j,m) €O j#]
Vme MVj,j'e T:j<J

VjeJ,Ymm' e M:(j,m) < (j,m

v(j,m) € O,Vp € P,

v(j,m) € O,Vp € P,

VC € C,VKe C G,

v(j,m) € O,Vp € P,

Vjij €T j<j Ymm € M.

)



A period-indexed MILP formulation

min ZPEP < ZmeM o Zje:] G
[S.t.] ZPGP d]pm - qj,m,

dﬁm < min{/p,aﬁmqum} . xﬁm,

(12a)
v(j, m) € O, (12b)

v(j,m) e O,Vp e P, (12¢)

Natural date + disjunction variables / big-M formulation = weak LP relaxations (see e.g. [19]).

a) oKL

d’, < tp+1—$j,m+wfm~(l—xfm), v(j,m) € O,Vp € P, (12g)
d? < gm—t7- X, v(j,m) € O,Yp e P, (12h)
< — , cgq, i

etk Z S |E(Kc)| — 1, vC € C,VKc C G, (12i)

x . €40,1},d7, >0, V(j,m) € O,Vp e P, (12j)
w7 € 40,1}, 5.m > 0, Vjjl e j < Vmm eM. (12k)



Outline

2. Branch-and-Cut approach

2.4 Valid inequalities
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Precedence inequalities

® No processing of predecessors after current interval*

[P
> A <AL =x0y) V(. m) < (,m),Yp < |P| - 1.
p'=p+1
M2
1
| T } T } T } T T I
0 1 3 5 7 8
Xﬁm’ =1 Zl’*p-%—l Jp;n_o

*A similar inequality holds for successors

(13)
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Non-overlap inequalities

¢ Same-machine (14a) and same-job (14b) operations non-overlap

Zdﬁmgli’, VYme M,Vp e P,
jeJ

> o dP <P Vje J,VpeP.
meM

v v
df 3+d3 s +d3 5< P df 3+d3 ,+d3 <1
(14a) (14b)

(14a)

(14b)
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Capacitated non-overlap inequalities

® The processing on a machine of power ¢ on a period = item of weight ¢ to pack

> emy dl <P, VpeP. (15)
memM  jed

s

p=[111,p=2

-~
D? + D2+ D2<2-?

DF, = Zjej dﬁm: total processing on m.
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Capacitated non-overlap inequalities

® The processing on a machine of power ¢ on a period = item of weight ¢ to pack

> emy dl <P, VpeP. (15)
memM  jed

e=[1,1,1,p=2 I3

-~
D? + D3 + D3 <2 /2 D} + D3+ D3 >2-1*

DF, = Zjej dﬁm: total processing on m.
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Capacitated non-overlap inequalities

® If aTx < b valid for conv{KP?¥} then

> amy dP <b-IP, VpeP. (15)
memM Jjeg

s

~
a1D12 +32D§ +a3D§ <b- /2

DF, = Zjej dﬁm: total processing on m.
29/40



Other inequalities

e Lifted flow cover inequalities by considering E* == oy 3° df /1P and X3
=5

e |f integer input data, then integer processing duration variables*

xP <dP o vY(j,m)e O,VpeP. (16)

Jym S T m

® Bounds on number of processing intervals **

Im ) <SR < |2 2, Y, m) € O. (17)

max IP min, [P
p peP p

XP = machine status
*better bound propagation with IB cuts

**similar to cont. bin-packing relaxation
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Outline

3. Computational results
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Outline

3. Computational results
3.1 Valid inequalities and formulation comparison
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Instance features and settings

— Branch-and-Cut using only minimal covers and valid inequalities.

Instances in Masmoudi et al. [6], based on:

® 2 classic benchmark JSSP instances

» ft06 [20] with 6 machines and 6 jobs, C,..= 56,
» la04 [21] with 5 machines and 10 jobs, Cyax= 590.

3 time horizons C = X - Cnax with A € {1.0,1.1,1.2},

2 Peak power limits 3 = a' )\ om with a € {0.7,0.9},

® 5 sets of power values o from U[5,10],
On-off peak ToU profile [6]

= 30 small and 30 large instances.
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Instance features and settings

— Branch-and-Cut using only minimal covers and valid inequalities.

Instances in Masmoudi et al. [6], based on:

® 2 classic benchmark JSSP instances

» ft06 [20] with 6 machines and 6 jobs, C,..= 56,
» la04 [21] with 5 machines and 10 jobs, Cyax= 590.

3 time horizons C = X - Cnax with A € {1.0,1.1,1.2},

2 Peak power limits 5= a' )\ ¢m with a € {0.7,0.9},

® 5 sets of power values o from U[5,10],
On-off peak ToU profile [6]

= 30 small and 30 large instances.

Gurobi on Intel Xeon Gold 6132 (1 thread, 3600s TL) + Polymake for conv{KP#%}.
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Valid inequalities: root relaxation

TI : Time-Indexed formulation

B&C> : basic and capacitated non-overlap inequalities (14a,14b,15)

I B&C, relative (2£2)
dim/a/A C T/(%) Yomet #xMx T/(%) %ot #x*/x ffcols  Ffrows
6x6/0.7/1.0 57 3.3 0.27% 5/5 1.1 0.27% 5/5 0.93 0.79
6x6/0.7/1.2 69 12.4 0.06% 5/5 4.0 0.06% 5/5 0.85 0.71
6x6/0.9/1.0 55 0.3 0.21% 5/5 0.1 0.18% 5/5 0.95 0.81
6x6/0.9/1.2 66 1.0 0.33% 5/5 1.0 0.33% 5/5 0.87 0.72
5x10/0.7/1.0 865 - 0.00% 0/0 89.8 0.00% 5/5 0.10 0.07
5x10/0.7/1.2 1040 2046.2 0.00% 5/5 13.2 0.00% 5/5 0.09 0.07
5x10/0.9/1.0 680 2756.5 0.00% 1/1  49.2 0.00% 5/5 0.12 0.09
5%10/0.9/1.2 820 1671.4/(0.32%) 0.00%  4/5 4.0 0.00% 5/5 010  0.08

Table: Comparison of the variant B&C»

and the TI formulation [6]

e Time to optimality/(gap% at TL): B&C; is faster
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Valid inequalities: root relaxation

TI : Time-Indexed formulation

B&C> : basic and capacitated non-overlap inequalities (14a,14b,15)

TI B&C> relative (252
dim/a /A C T/(%) Yomer  #xX/x T/(%)  %mer #x*/x  ffcols #rows
6x6/0.7/1.0 57 33 0.27% 5/5 1.1 0.27% 5/5 0.93 0.79
6x6/0.7/1.2 69 12.4 0.06% 5/5 40 0.06% 5/5 0.85 0.71
6x6/0.9/1.0 55 0.3 0.21% 5/5 0.1 0.18% 5/5 0.95 0.81
6x6/0.9/1.2 66 1.0 0.33% 5/5 1.0 0.33% 5/5 0.87 0.72
5x10/0.7/1.0 865 - 0.00% 0/0 89.8 0.00% 5/5 0.10 0.07
5x10/0.7/1.2 1040 2046.2 0.00% 5/5 13.2 0.00% 5/5 0.09 0.07
5x10/0.9/1.0 680 2756.5 0.00% 1/1 49.2 0.00% 5/5 0.12 0.09
5x10/0.9/1.2 820 1671.4/(0.32%) 0.00% 4/5 4.0 0.00% 5/5 0.10 0.08

Table: Comparison of the variant B&C>

and the TI formulation [6]

® Time to optimality/(gap% at TL): B&C; is faster

® Root relaxation strength: B&C, has strong root relaxations
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Valid inequalities: root relaxation

TI : Time-Indexed formulation

B&C> : basic and capacitated non-overlap inequalities (14a,14b,15)

I B&C, relative (2£2)
dim/a/A C T/(%) Yomet #xMx T/(%) %ot #x*/x ffcols  Ffrows
6x6/0.7/1.0 57 33 0.27% 5/5 1.1 0.27% 5/5 093 0.79
6x6/0.7/1.2 69 12.4 0.06% 5/5 40 0.06% 5/5 0.85 0.71
6x6/0.9/1.0 55 0.3 021% 5/5 01 018% 5/5 095 0.8l
6x6/0.9/1.2 66 1.0 0.33% 5/5 1.0 0.33% 5/5 0.87 0.72
5x10/0.7/1.0 865 - 0.00% 0/0 89.8 0.00% 5/5 0.10 0.07
5x10/0.7/1.2 1040 2046.2 0.00% 5/5 13.2  0.00% 5/5 0.09 0.07
5x10/0.9/1.0 680 2756.5 0.00% 1/1  49.2  0.00% 5/5 0.12 0.09
5%10/0.9/1.2 820 1671.4/(0.32%) 0.00%  4/5 40 000% 5/5 010  0.08

Table: Comparison of the variant B&C»

and the TI formulation [6]

e Time to optimality/(gap% at TL): B&C; is faster
® Root relaxation strength: : B&C, has strong root relaxations
® Model size: B&C» scales better
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Valid inequalities: root relaxation

TI : Time-Indexed formulation

B&C> : basic and capacitated non-overlap inequalities (14a,14b,15)

I B&C, relative (2£2)
dim/a /A C T/(%) %ot #x/% T/(%)  %mer #x/x #cols  Ffrows
6x6/0.7/1.0 57 33 0.27% 5/5 11 027% 5/5 0.93 0.79
6x6/0.7/12 69 12.4 0.06% 5/5 40 006% 5/5 085 0.71
6x6/0.9/1.0 55 0.3 0.21% 5/5 01 0.18% 5/5 0.95 0.81
6x6/0.9/12 66 1.0 033% 5/5 10 033% 5/5 087 072
5%10/0.7/1.0 865 - 0.00% 0/0 898 000% 5/5 010 0.7
5x10/0.7/1.2 1040 2046.2 0.00% 5/5 132 000% 5/5 0.09 0.7
5x10/0.9/1.0 680 2756.5 0.00% 1/1  49.2 0.00% 5/5 0.12 0.09
5%10/0.9/1.2 820 1671.4/(0.32%) 0.00%  4/5 40 0.00% 5/5 0.0  0.08

Table: Comparison of the variant B&C»

and the TI formulation [6]

Time to optimality/(gap% at TL): B&C; is faster
Root relaxation strength: : B&C, has strong root relaxations
Model size: B&C» scales better
Number of optimal/feasible solutions: : B&C; solves all to optimality
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Instance features and settings

— Branch-and-Cut using only minimal covers and valid inequalities.

Extend previous instances with:

® JSSP instances with ~50 operations generated as in Lawrence [21],
® 3 time horizons C = X\ - Gax with A € {1.05,1.1,1.2},
® 2 Peak power limits o = o}, -\ ¥m with a € {0.6,0.7},

4 sets of power values,

On-off peak ToU profile [6].

= 72 instances.
Gurobi on Intel Xeon Gold 6132 (1 thread, 3600s TL) + Polymake for conv{KP¥¥}.
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Valid inequalities: tree exploration

B&C> : basic and capacitated non-overlap inequalities

B&Cai1 : all valid inequalities

B&C» B&Ca11
dim/A T #nd #x* T #nd #x*
5x10/1.05 82.9 8510 9 125.5 8649 9
5x10/1.1 67.0 5888 9 50.2 2331 10
5x10/1.2 120.4 9385 9 86.2 3145 9
6x8/1.05 66.7 8627 8 33.6 2301 8
6x8/1.1 51.0 5152 8 55.1 2760 8
6x8/1.2 34.8 3584 8 18.1 1080 8
7x7/1.05 385.7 51k 6 330.8 35k 6
7x7/1.1 119.4 19k 7 155.8 18k 7
7x7/1.2 60.1 8984 7 54.1 4297 7
all (78) 86.16 9613 71 74.81 4783 72

Table: Comparison with variant including all valid inequalities.

® Time to optimality: B&C.1; is slightly faster
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Valid inequalities: tree exploration

B&C> : basic and capacitated non-overlap inequalities

B&Cai1 : all valid inequalities

B&C» B&Ca1a
dim/\ T #nd #x* T  #nd #x*
5x10/1.05 829 8510 9 1255 8649 9
5x10/1.1 67.0 5888 9 50.2 2331 10
5x10/1.2 120.4 9385 9 86.2 3145 9
6x8/1.05 66.7 8627 8 33.6 2301 8
6x8/1.1 51.0 5152 8 55.1 2760 8
6x8/1.2 34.8 3584 8 18.1 1080 8
7x7/1.05 385.7 51k 6 330.8 35k 6
7x7/1.1 119.4 19k 7 155.8 18k 7
7x7/1.2 60.1 8984 7 54.1 4297 7
all (78) 86.16 9613 71 74.81 4783 72

Table: Comparison with variant including all valid inequalities.

® Time to optimality: B&Ca.1; is slightly faster
® Number of explored nodes: B&C.:1 explores half the number of nodes
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Valid inequalities: tree exploration

B&C> : basic and capacitated non-overlap inequalities

B&Cai1 : all valid inequalities

B&C, B&Ca11
dim/A T #nd  #x T #nd  #x
5x10/1.05 829 8510 9 1255 8649 9O
5%10/1.1 670 5888 9 502 2331 10
5x10/1.2 120.4 9385 9 86.2 3145 9
6x8/1.05 667 8627 8 336 2301 8
6x8/1.1 51.0 5152 8 55.1 2760 8
6x8/1.2 348 3584 8 181 1080 8
7x7/1.05 3857 51k 6 3308 35k 6
7x7/1.1 119.4 19k 7 155.8 18k 7
7x7/1.2 60.1 8984 7 54.1 4297 7
all (78) 86.16 9613 71 74.81 4783 72

Table: Comparison with variant including all valid inequalities.

® Time to optimality: B&Ca.1; is slightly faster

® Number of explored nodes: B&C.1; explores half the number of nodes
® Number of optimal solutions: B&C,1; solves one more instance to optimality
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Outline

3. Computational results

3.2 Clique-forbidding cuts
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Instance features and settings

— B&Ca11 with different clique-forbidding cuts.

New instances with:
® JSSP instances with ~60 operations generated as in Lawrence [21],

® 3 time horizons C = X\ - Cnax with A € {1.05,1.1,1.2},
® 2 Peak power limits 3 = a )\ @m with a € {0.6,0.7},

® 4 sets of power values (KP#¥)
® sL: small and large coefficients ar < a7,
® WSI: weakly super increasing coefficients a;|a;j 1,
® KP3: three distinct coefficients [{a}| = 3,
® 1-AS: arithmetic sequence coefficients a;; 1 — a; = 1.

¢ On-off peak ToU profile [6]

= 72 instances.
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Clique-forbidding cuts

: minimal cover and Fl inequalities

B&Cpcy : only minimal cover inequalities B&Crcv+£i
B&Crcv B&Crcy+t1
KP type Fl char. T  #x* #cuts T #x* Fcuts
sL mcv+lci 2429 14 577 24443 14 652
WSI mcv 4151 16 190 393.5 16 207
KP3 ext 288.1 12 817 3149 12 949
1-AS lci 377.1 15 879 258.25 16 838
all [72] - 3237 57 529 207.6 58 571

Table: Comparison with variant including all clique-forbidding inequalities.

® Fl inequalities characterizing conv{KP¥*}
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Clique-forbidding cuts

B&Cpcy : only minimal cover inequalities B&Cpcy+£i : minimal cover and Fl inequalities

B&Crev B&Crev+si
KP type Fl char. T  #x* #cuts T #x* Fcuts

sL mcv+lci 2429 14 577 24443 14 652
WSI mcv 415.1 16 190 3935 16 207
KP3 ext 288.1 12 817 3149 12 949
1-AS lci 377.1 15 879 258.25 16 838
all [72] - 323.7 57 529 297.6 58 571

Table: Comparison with variant including all clique-forbidding inequalities.

® Fl inequalities characterizing conv{KP#¥}

® Time to optimality: B&Cycy+¢i IS faster on average
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Clique-forbidding cuts

: minimal cover and Fl inequalities

B&Cpcy : only minimal cover inequalities B&Crcv+fi
B&Crcv B&Crcy+t1
KP type Fl char. T  #x* #cuts T #x* Fcuts
sL mcv+lci 2429 14 577 24443 14 652
WSI mecv 4151 16 190 393.5 16 207
KP3 ext 288.1 12 817 3149 12 949
1-AS lci 377.1 15 879 258.25 16 838
all [72] - 3237 57 529 297.6 58 571

Table: Comparison with variant including all clique-forbidding inequalities.

® Fl inequalities characterizing conv{KP#¥}

® Time to optimality: B&Cycy+¢i IS faster on average

® Number of optimal solutions: B&Cy.y+s; Solves one more instance to optimality
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4. Conclusion and perspectives
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Conclusions

A new model the Jm|P .| TEC, indexed on the ToU profile periods.

Peak power constraint separation by forbidding cliques in a B&C algorithm.

» using minimal cover inequalities of a knapsack set.
» using (any) inequalities describing its polytope.

Different families of valid inequalities were explored.

Compared to the SoA Time-Indexed formulation:

v" more compact,
v’ as strong linear relaxations,
V' solves all previously unsolved instances and most of the newly proposed ones.
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Research perspectives and future work

— Find a® and [ s.t. other cover inequalities are model-defining (<=).

40/ 40



Research perspectives and future work

— Find a® and [ s.t. other cover inequalities are model-defining (<=).

— Characterizing hard instances for Period-Indexed (PI) formulations.
— Studying Pl formulations relative to the ToU profile.

— Characterizing strong valid inequalities for Pl formulations.
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Research perspectives and future work

— Find a® and [ s.t. other cover inequalities are model-defining (<=).

— Characterizing hard instances for Period-Indexed (PI) formulations.
— Studying Pl formulations relative to the ToU profile.

— Characterizing strong valid inequalities for Pl formulations.

— Generalizing to other shop-scheduling problems under ToU pricing.

— Solving the Jm|Pmax| TEC for any general cost function.
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Non-preemption inequalities (1)

® No processing on the intervals after operation completion*

P
S dP < BPL(1—xP 4+ xPEY), W(.m) € O,Vp < [P| - L.
p'=p+1
| T % T } T % T T -
0 1 3 5 7 8
V" 7
1-x3—-x*=0 d*+d®+d®+..=0

*A similar inequality holds for operation start

(18)
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Non-preemption inequalities (2)

® No operation interrupts processing

df, = PP+ xP2 — 1), V(j,m) e O,Vp1 <p<pr€P. (19)
| T } T } T } T T -T- -
0 1 3 5 7 8
X2‘; 1 d3z 3 X4Z 1
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Problem and instances

JSSP under ToU pricing:
® No peak power limit constraint,

® Period-Indexed formulation with basic non-overlap inequalities (Pl5).
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Problem and instances

JSSP under ToU pricing:
® No peak power limit constraint,
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® |a04 with 5 machines and 10 jobs, Cyax= 590.
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~
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ToU profile impact

® Time to optimality/(gap% at TL): sensitivity to profile but Pl, better

TI Pl,
ToU profile T/(%) %S #nd  T/(%) %S #nd
on-off (2:1) 2564.31 0.0% 28 0.14 0.0% 1
on-off (1:2) 3103.69 0.4% 925 67.89 1.0% 35K
on-off (1:1) (0.11%)*  0.1% 407 419.35 0.1% 168K
mid-on-off 2406.81 0.5% 631 84.92 1.6% 12K

Table: Comparison of Tl and Pl, on different ToU profiles.

*#opt. =0
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ToU profile impact

Tl Pl
ToU profile T/(%) Yome:  #nd  T/(%) Y% #nd
on-off (2:1) 2564.31 0.0% 28 0.14 0.0% 1
on-off (1:2) 3103.69 0.4% 925 67.89 1.0% 35K
on-off (1:1)  (0.11%)* 0.1% 407 41935 0.1% 168K
mid-on-off 2406.81 0.5% 631 84.92 1.6% 12K

Table: Comparison of Tl and Pl on different ToU profiles.

e Time to optimality/(gap% at TL): sensitivity to profile but Pl, better

® Root relaxation strength: minor impact on both

*#opt. =0
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ToU profile impact

TI Pl,
ToU profile T/(%) %S #nd  T/(%) %S #nd
on-off (2:1) 2564.31 0.0% 28 0.14 0.0% 1
on-off (1:2) 3103.69 0.4% 925 67.89 1.0% 35K
on-off (1:1) (0.11%)* 0.1% 407 41935 0.1% 168K
mid-on-off 2406.81 0.5% 631 84.92 1.6% 12K

Table: Comparison of Tl and Pl, on different ToU profiles.

e Time to optimality/(gap% at TL): sensitivity to profile but Pl, better

® Root relaxation strength: minor impact on both

® Number of explored nodes: more time spent per node

*#opt. =0
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ToU profile impact
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Figure: UB and LB progress on an example instance with on-off (1:1) profile
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