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Energy-Aware Job-Shop Scheduling

The Job-Shop Scheduling Problem:
® Schedule jobs with ordered operations on machines to optimize some criterion.
® Relevant problem in OR, strongly NP-hard [1].
® Modeling Approaches:

» Time-Indexed formulations = strong dual bounds, large MILPs.
» Disjunctive formulations = more compact MILPs, weak relaxations.
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Energy-Aware Job-Shop Scheduling

Energy consideration:

® Production is energy-intensive,
electrification of processes (etc.)

o

® ToU pricing: SUMMER (1ne-Octcber)
» Non-regular criterion. ﬁ “ -
» Period-Indexed formulation

Figure: Seasonal Time-of-Use pricing example [2]
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Problem Definition

Machines m € M with power consumption ¢p,.

Jobs j € J to execute over a time horizon C:
» Processed over an ordered subset of machines.

» Having constant processing times q; » = energy consumption ¢n, - gj m.

» Direct precedence constraints.

® Operations 0 € O := J x M, i.e. processing of a job on a machine.

ToU Periods p € P:

» Duration /P and electricity price ¢, per unit.
» [tP, tPFY], with tPT —tP = [, t* = 0 and /Pl = C.
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Problem Definition

A feasible solution consists of a schedule where each job j € J processes over machines
m € M, during one or more ToU periods in P, such that:

® same-machine operations do not process simultaneously (non-overlap),
® operations may not interrupt processing (non-preemption),

® operation sequencing respects a predefined order (precedence).

Objective
The goal is to find a feasible solution minimizing the Total Energy Cost (TEC).
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Instance and Solution

Machinem | 1 | 2 | 3 Job j 1 2 3
Power o | 5 [ 6 | 8 Sequence M; | {1,3,2} | {2,1,3} | {2,3,1}
Machine m 1 ‘ 2 ‘ 3 ToU period p | on-peak | off-peak

qi,m 20 | 10 | 30 Tariff cP 0.159 0.13

q2,m 5 | 15 | 10 Duration /P 20 10

q3,m 10 | 15 | 20

Makespan minimization (TEC = 208.2)

0 Crmax=T75
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Instance and Solution

Machine m | 1 ‘ 2 ‘ 3

Power o | 5 [ 6 | 8

Machine m 1 2 ‘ 3
qi,m 20 10 30
q2,m 5 15 | 10
q3,m 10 | 15 | 20

Job j 1 2 3
Sequence M; | {1,3,2} | {2,1,3} | {2,3,1}
ToU period p | on-peak | off-peak

Tariff cP 0.159 0.13
Duration P 20 10

Energy cost minimization s.t makespan constraint Cpax (TEC = 199.9)
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Short literature review

Problem class Article Problem* MILP.
Formulation
job-shop [4] Jm|on/off, r;, dj| TEC TI
scheduling [5] Jm|Pmax| TEC D,TI
flexible job-shop [6] FJm|on/off | Crax, TEC TI
scheduling 7 FJm||Crnax, TEC TI
flow-shop scheduling [8] F2|prmu, on/off | TEC PI+TI
arallel machine [9] Pm||Crax, TEC Tl
D i [10] Rm|| TEC PI
& [11] Rm||TEC PI
single machine [12] 1|batch| TEC PLTI
scheduling [13] 1|batch| TEC Pl

Table: Some works on energy-aware shop and machine scheduling.

*Graham’s 3-field notation [3]

6/28



Short literature review

Problem class Article Problem* MILP.
Formulation
job-shop [4] Jm|on/off, rj, d;| TEC TI
scheduling [5] Jm|Pmax| TEC D,TI
flexible job-shop [6] FJm| on /off | Cmax, TEC TI
scheduling 7 FJm||Cmax, TEC TI
flow-shop scheduling [8] F2|prmu, on/off | TEC PI+TI
arallel machine [°] Pml| Cmax, TEC Tl
D i [10] Rm|| TEC PI
8 [11] Rm||TEC PI
single machine [12] 1|batch| TEC PILTI
scheduling [13] 1|batch| TEC Pl

Table: Some works on energy-aware shop and machine scheduling.

*Graham’s 3-field notation [3]

6/28



Short literature review

Problem class Article Problem* MILP.
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Main contributions

We introduce:
® a new period-indexed MILP for the Jm||TEC,

¢ valid inequalities to improve linear relaxations and B&B tree exploration.

We show the results of computational experiments aimed to:
® compare the period-indexed formulation against the state of the art,
® assess the effectiveness of the valid inequalities,

® show the impact of the Time-of-Use profile.
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2. Mixed-Integer-Linear-Programming approach
2.1 Period-Indexed formulation
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Variables

Processing status

b {1, if operation (j, m) is processed during period p VeT meMpeP

0, otherwise

Processing duration

dﬁm € R™: time spent processing operation (j, m) on period p. vieJ,meM,peP
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Variables

Processing status

P {1, if operation (j, m) is processed during period p Ve meMpeP

0, otherwise

Processing duration

dﬁm € R™: time spent processing operation (j, m) on period p. vieJ,meM,peP

Starting/completion date

Sj,m; G,m € R™: starting and completion dates of operation (j, m) VjeJ,meM

Machine disjunction

Uy = {1, processing of operation (j, m) ends before start of (j’, m) Vi<jedT meM

0, otherwise
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Objective function

Schedule total cost

The total operational cost of a schedule is minimized:

min>_ > omD dim

pEeP meM Jjeg

@m: power of machine m
cP: cost of period p
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Core constraints

Total operation processing

peEP

qj,m: duration of (j, m)
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Core constraints

Total operation processing

> dl=qim V(.m)€O.

peEP

qj,m: duration of (j, m)

Machine disjunction

| N

@ jrm (1= ujjim), Vme M,Vj,j' e T j<], (3a)
Bjjr.m * U jims Vme M,\Vj,j'e T j<]. (3b)

Cjm = 57'.m

<
\m = Sim <

sm

o jr.m and B; y m: constants

.

11/28



Core constraints

Total operation processing

> dl=qim V(.m)€O.

peEP

qj,m: duration of (j, m)

Machine disjunction

| N

@ jrm (1= ujjim), Vme M,Vj,j' e T j<], (3a)
Bjjr.m * U jims Vme M,\Vj,j'e T j<]. (3b)

Cjm = 57'.m

<
\m = Sim <

sm

o jr.m and B; y m: constants

Precedence

| A

Gm < Sy, Vi€ T, ¥m,m' € M :(j,m) < (j,m").

v
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Variable linking

Variable linking: x and d

dﬁm < min{/p7 qj,M} : Xﬁm? V(], m) € O7VP eP. (5)

IP: length of period p
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Variable linking

Variable linking: x and d

df, <min{lP, gjm} - x s V(,m) € O,¥p e P.

IP: length of period p

Variable linking: x, d and s

| \

d? < tp+1—sjm+vﬁm-(1—)fm), V(j,m) e O,Vp e P, (6a)
d? < cjm—tP-xP V(j,m) € O,Vp € P. (6b)

J,m

These constraints guarantee non-preemption.

[tP, tPT]: period p
Y} m constant

N\
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Variable linking: numerical example
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Variable linking: numerical example

® Forp=1,(6a) = x! =0=d' =0,

dl=0
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Variable linking: numerical example

® Forp=1, (6a) =x! =0=d' =0,
® Forp=2,(6a) = d><1+10-(1—x2),

d?> <1+10- (1 —x?)
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Variable linking: numerical example

® Forp=1,(6a) =x}=0=d' =0,
® Forp=2, (6a) = d?><1+10-(1—x3),
®* Forp=3,(5)=d*<2-x°

d><1+10-(1—-x?) d3<2-x3
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Variable linking: numerical example

® Forp=1, (6a) = x! =0=d' =0,
® Forp=2 (6a) = d><1+10-(1—x?),
Forp=3, (5 =d¥*<2-x3
® For p =4, (6b) = d* < 6—5x%,
d?<1+10-(1—-x%) d®*<2-x3 d*<6-5x*
dt=0
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Variable linking: numerical example

®* Forp=1,(6a)=x!=0=d'=0

® Forp=2 (6a) = d?><1+10-(1—x?)
®* Forp=3(5)=d*<2-x3

® For p =4, (6b) = d* <6 —5x

® Forp=25,(6b) =x>=0=d*=0

d?<1+10-(1—-x%) d®*<2-x3 d*<6-5x*

d®*=0
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Variable linking: numerical example

® Forp=1,(6a) =x}=0=d' =0,

® Forp=2, (6a) =d?<1+10-(1—x3),
®* Forp=3(5=d*<2-x°

® For p =4, (6b) = d* < 6—5x%,

® Forp=25, (6b

. (2)

A+ P+ rd 4 d =4

13/28



Variable linking: numerical example

® Forp=1,(6a) =x}=0=d' =0,
® Forp=2, (6a) =d?<1+10-(1—x3),
®* Forp=3(5=d*<2-x°
® For p =4, (6b) = d* < 6—5x%,
® Forp=25, (6b
. (2)
dl =0 =0
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Variable linking: numerical example

® Forp=1,(6a) = x! =0=d' =0,
® Forp=2, (6a) =d?<1+10-(1—x3),
®* Forp=3(5=d*<2-x°
® For p =4, (6b) = d* < 6—5x%,
® Forp =25, (6b) = x> =0= d° =0,
y (2) =2 pepd®=q
d*=0 d5=0
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A period-indexed MILP formulation

Zpep < ZmeM om Zjej dﬁ"” (73)

[s.t] Z o d’n = qjm, Y(j,m) € O, (7b)
df, <min{l”, qjm} - x/,,, Y(j,m) € O,Vp e P, (7¢c)

Cm — Spm < Qi m e (L — Ujjim), Vme M,Vj,j e J:j<], (7d)

m = Sim < Bj,j',m U jims Vme MY, j €T j<], (7e)

d, <t — sl (1= XP,), v(j,m) € O,Yp € P, (7f)

d-‘j <G 1 W(j, m) € O,¥p € P, (7g)
»€{0,1},d’, >0, Y(j,m) € O,¥p e P, (7h)

Ujjim € {0,1},5,m > 0, Vi j €T j<j ,Yme M. (71)

Formulation properties

Natural date + disjunction variables / big-M formulation = weak LP relaxations (see e.g. [14]).
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2. Mixed-Integer-Linear-Programming approach

2.2 Valid inequalities
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Tighter processing duration bounds

Let Sim denote the earliest starting and C; , the latest completion dates, and define

0 if P < sip V Cm < EP,
— )
dj,m = tp+1 — §_/,m if tP < §_/,m < tp+1,
Cim—tP if tP <y < tPTL
yielding
. —p .
dfm < min{lp, pjm; dj i} - xj’”m, V(j,m) € O,Vp e P. (8)
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Non-overlap inequalities

e Same-machine (9a) and same-job (9b) operations non-overlap

> odf, <P Yme M,Vp e P,
jeJ

> df, <P Vje J,VpeP.
meM

]

h h
2
df i s+ di o< f dg 3+d3 o +dy < I

(92) (9b)
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Precedence inequalities

® No processing of predecessors* after current interval

[P
lfp-‘rl
M,
M,
0 1 3 5 7 8
xi:,: 1 Xf72 + Xf;,Jr ...=0

*A similar inequality holds for successors

(10)
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Non-preemption inequalities

® No processing on the intervals after operation completion*

|P|

S xP < (Pl = p)A = xPp + xPEY), (i, m) € O,9p < |P| - 1.

p’*p+1
® No operation interrupts processing at intermediate intervals

xP > xP~ 1+x”+1 1, VY(,m)ecO,vpel2|P|-1].

J,m Ja

*A similar inequality holds for operation start

(11)

(12)
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General inequalities

® Transitive precedence*
Uj ji''m + Ujr jrr m — 1< uj i ms vjvj/LjN eJ _/ <.j/ <j//>vm € M.

e Consecutive period processing

—i—f;,rl—i-x/ +xp+1 <3,Vj,j/eJ:j<j,Vme M,¥p < |P|-1.

® Upper bound on number of processing intervals**

P qj,m .
3 o < Lol 42, WGm) € O,
pEP

*uj yim = 1 if j precedes j' on m
**Similar to the trivial bin-packing relaxation
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3. Computational results
3.1 Formulation comparison
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Instance features and settings

Subset of instances in Masmoudi et al. [5], based on:

® (Classic benchmark JSSP instances
» ft06 [15] with 6 machines and 6 jobs, Cy,.x= 56,
» 1a04 [16] with 5 machines and 10 jobs, Cyax= 590.
® 3 time horizons C = A - Cnax with A € {1.0,1.1,1.2},

® 5 sets of power values from U/[5,10],

® On-off peak ToU profile [5]

L

= 15 small and 15 large instances.

Gurobi on Intel Xeon Gold 6132 (1 thread, 3600s time-limit).
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Valid inequalities

Plo : no valid inequalities Pl; : non-preemption, precedence and general inequalities (10-15)

Pl : all valid inequalities Pl, : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)
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Valid inequalities

Plo : no valid inequalities

Pl : all valid inequalities

Pl; : non-preemption, precedence and general inequalities (10-15)

Pl, : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)

Pl Pl Pl, Pl
inst./A T/(%)  %he  #nd  T/(%)  %he  #nd T/(%)  %me  #nd  T/(%)  %he  #nd
£t06/1.0 002 12.4% 1 002 12.4% 2 001 09% 1 001 09% 1
£t06,/1.1 221 107% 2232 307 10.7% 2473 0.40 06% 470 062 06% 386
ft06/1.2  64.40 10.3% 50K 5692 10.3% 38K  1.06 0.9% 1606 245 0.9% 1165
la04/1.0 2062 12.6% 3910 2314 126% 3700  4.00 05% 2237 644 05% 1900
la04/1.1 (2.8%) 11.8% 612K (3.3%) 11.8% 276K  0.18 0.0% 75 053 0.0% 86
la04/12  (5.3%) 11.8% 506K (5.4%) 11.8% 205K  0.05 0.0% 1 014 00% 1

Table: Comparison of the different proposed variants on the ft06 and 1a04 instances.

e Time to optimality/(gap% at time limit): Pl is faster
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Valid inequalities

Plo : no valid inequalities

Pl : all valid inequalities

Pl; : non-preemption, precedence and general inequalities (10-15)

Pl, : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)

Plo Pl Pl Pl
inst./Xx  T/(%)  %me  #nd  T/(%)  %ne #nd T/(%)  %me  #nd T/(%) % #nd
£t06,/1.0 002 12.4% 1 002 12.4% 2 001 09% 1 001 09% 1
£t06,/1.1 221 107% 2232 307 107% 2473 040 0.6% 470 062 06% 386
ft06/1.2  64.40 103% 50K  56.92 103% 38K 196 0.9% 1606 245 09% 1165
la04/1.0 2062 12.6% 3910  23.14 126% 3700 400 0.5% 2237 644 05% 1900
la04/1.1  (2.8%) 11.8% 612K (3.3%) 11.8% 276K 018 0.0% 75 053 0.0% 86
la04/1.2  (5.3%) 11.8% 506K (5.4%) 11.8% 205K  0.05 0.0% 1 014 00% 1

Table: Comparison of the different proposed variants on the ft06 and 1a04 instances.

e Time to optimality/(gap% at time limit): Pl is faster
® Root relaxation strength: Pl has strong root relaxations
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Valid inequalities

Plo : no valid inequalities Pl; : non-preemption, precedence and general inequalities (10-15)
Pl : all valid inequalities Pl, : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)
Plo Ply Pl> Play

inst./A  T/(%)  %ES #nd  T/(%) %S #nd  T/(%) %S #nd T/(%) %R #nd
ft06/1.0 0.02 12.4% 1 0.02 12.4% 2 0.01  0.9% 1 0.01 0.9% 1
ft06/1.1 2.21 10.7% 2232 3.07  10.7% 2473 040 0.6% 470 0.62 0.6% 386
ft06/1.2 64.40 10.3% 50K 56.92 10.3% 38K 1.96 0.9% 1606 245 09% 1165
1a04/1.0 20.62 12.6% 3910 23.14  12.6% 3700 4.00 0.5% 2237 6.44 05% 1900
la04/1.1  (2.8%) 11.8% 612K (3.3%) 11.8% 276K  0.18 0.0% 75 053 0.0% 86
la04/1.2  (5.3%) 11.8% 506K (5.4%) 11.8% 205K 0.05 0.0% 1 014 0.0% 1

Table: Comparison of the different proposed variants on the ft06 and 1a04 instances.

® Time to optimality/(gap% at time limit): Pl is faster
® Root relaxation strength: Ply has strong root relaxations
® Number of explored nodes: Ply, requires slightly fewer nodes
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Time-Indexed vs Period-Indexed

Pl; : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)
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Time-Indexed vs Period-Indexed

Pl; : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)

Tl Pl> relative (%)
inst./\ T/(%) %me #nd  T/(%)  %ne  #nd  #cols  #rows
ft06/1.0 025 0.3% 1 0.01 0.9% 1 0.20 0.36
ft06/1.1 037  0.1% 1 0.62 0.6% 386 0.19 0.33
ft06,/1.2 2.84  0.2% 16.4 2.45 09% 1165 0.20 0.35
la04/1.0  (0.63%) 05% 60  6.44 05% 1900 0.02 0.5
1a04/1.1 1432.06  0.0% 8.6 0.53  0.0% 86 0.02 0.05
1a04/1.2 2564.31  0.0% 27.6 0.14 0.0% 1 0.02 0.05

Table: Comparison of the Pl variant and the time-indexed model (TI) of Masmoudi et al. [5].

® Time to optimality/(gap% at time limit): Pl is fastest
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Time-Indexed vs Period-Indexed

Pl; : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)

Tl Pl relative (52)
inst./A T/(%)  %me  #nd  T/(%) %me  #nd  #cols  #rows
ft06/1.0 025 0.3% 1 0.01 0.9% 1 0.20 0.36
ft06,/1.1 037 0.1% 1 0.62 0.6% 386 0.19 0.33
ft06,/1.2 284 0.2% 164 245 09% 1165 0.20 0.35
1a04/1.0  (0.63%) 0.5% 60 6.44 05% 1900 0.02 0.05
la04/1.1 1432.06 0.0% 8.6 053  0.0% 86 0.02 0.05
la04/1.2 256431 0.0% 27.6 0.14  0.0% 1 0.02 0.05

Table: Comparison of the Pl, variant and the time-indexed model (TI) of Masmoudi et al. [5].

® Time to optimality/(gap% at time limit): Pl; is fastest

® Root relaxation strength: comparable
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Time-Indexed vs Period-Indexed

Pl; : tighter processing duration bounds and non-overlap inequalities (8,9a,9b)

Tl Pl> relative (%)
inst./\ T/(%) %me #nd  T/(%)  %ne  #nd  #cols  #rows
ft06/1.0 025 0.3% 1 0.01  0.9% 1 0.20 0.36
ft06/1.1 037  0.1% 1 0.62 0.6% 386 0.19 0.33
ft06,/1.2 284 0.2% 16.4 245 0.9% 1165 0.20 0.35
la04/1.0 (0.63%) 05% 60 644 05% 1900 0.02  0.05
1a04/1.1 1432.06 0.0% 8.6 0.53  0.0% 86 0.02 0.05
1a04/1.2 2564.31  0.0% 27.6 0.14  0.0% 1 0.02 0.05

Table: Comparison of the Pl variant and the time-indexed model (TI) of Masmoudi et al. [5].

® Time to optimality/(gap% at time limit): Pl is fastest

® Root relaxation strength: comparable

® Model size: Pl, scales better
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3. Computational results

3.2 ToU profile impact
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Instance features and settings

Extended from instances in [5]:
® classic benchmark JSSP instances
» la04 with 5 machines and 10 jobs, C. .= 590.

® Time horizon C = 1.2 Chax,
® 5 sets of power values from U[5,10],

® ToU profiles
» on-off peak (ratio 2:1),

» on-off peak (ratio 1:2),

» on-off peak (ratio 1:1),

» mid-off-on peak.

Gurobi on an Intel Xeon Gold 6132 (1 thread, 3600s time-limit).
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Instance features and settings
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ToU profile impact

® Time to optimality/gap at time limit: sensitivity to profile but Pl, better

Tl Pl
ToU profile T/(%) Y% #nd  T/(%)  %pet  #nd
on-off (2:1) 2564.31 0.0% 28 0.14 0.0% 1
on-off (1:2) 3103.69 0.4% 925 67.89 1.0% 35K
on-off (1:1)  (0.11%)* 0.1% 407 419.35 0.1% 168K
mid-on-off 2406.81 05% 631 84.92 16% 12K

Table: Comparison of Tl and Pl> on different ToU profiles.

*#opt. =0
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ToU profile impact

® Time to optimality/gap at time limit: sensitivity to profile but Pl better

® Root relaxation strength: minor impact on both

TI Pl
ToU profile T/(%) %met  #nd  T/(%) %me  #nd
on-off (2:1) 256431 0.0% 28 0.14 0.0% 1
on-off (1:2) 3103.69 0.4% 925 67.89 1.0% 35K
om-off (1:1) (0.11%)* 0.1% 407 419.35 0.1% 168K
mid-on-off 2406.81 0.5% 631 84.92 1.6% 12K

Table: Comparison of Tl and Pl, on different ToU profiles.

*#opt. =0
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ToU profile impact

Tl Pl,
ToU profile T/(%) % #nd  T/(%) %S #nd
on-off (2:1) 256431 0.0% 28 0.14 0.0% 1

on-off (1:2) 3103.69 0.4% 925 67.89 1.0% 35K
on-off (1:1)  (0.11%)* 0.1% 407 41935 0.1% 168K
mid-on-off 2406.81 0.5% 631 84.92 1.6% 12K

Table: Comparison of Tl and Ply on different ToU profiles.

® Time to optimality/gap at time limit: sensitivity to profile but Pl better
® Root relaxation strength: minor impact on both

® Number of explored nodes: more time spent per node

*#opt. =0
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ToU profile impact

Objective function value

2890,
Dual Bound
Primal Bound
2885
2880
2875
2870 100 200 300 400 500
Runtime

Figure: UB and LB progress on an example instance with on-off (1:1) profile
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Outline

4. Conclusion and perspectives
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Conclusions and research perspectives

¢ A new model for the Jm||TEC, indexed on the ToU profile periods.

o Different families of valid inequalities were explored.

® Compared to the SoA Time-Indexed formulation, on benchmark instances:

v" more compact,
v’ strong linear relaxations,
v’ solves to optimality two open instances.

® Performance is sensitive to the ToU pricing profile.
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Conclusions and research perspectives

¢ A new model for the Jm||TEC, indexed on the ToU profile periods.

o Different families of valid inequalities were explored.

® Compared to the SoA Time-Indexed formulation, on benchmark instances:

v" more compact,
v’ strong linear relaxations,
v’ solves to optimality two open instances.

® Performance is sensitive to the ToU pricing profile.

— Studying period-indexed formulations relative to the ToU profile.
— Characterizing strong valid inequalities for period-indexed formulations.

— Generalizing to other shop-scheduling problems under ToU pricing.
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Non-preemption inequalities (1)

® No processing on the intervals after operation completion*

[P
N X < (Pl = p)X—xE, + PN, V(.m) € O,¥p < [P| - 1.
p'=p+1
| T } T } T } T T - = =
0 1 3 5 7 8
1-x3 —xt= x* 4+ x5 x5 +

*A similar inequality holds for operation start

(16)
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Non-preemption inequalities (2)

® No operation interrupts processing

X 2 Xt XA 1, V(.m) € O.Vp € [2,[P] - 1],

Jsm = 7jm

(17)
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